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§1. Introduction 


In [5] and [6], W.B.Kandasamy defined new classes of Smarandache groupoids using Z,. In 
this paper we define and prove some theorems for construction of Smarandache seminormal 
subgroupoids according as n is even or odd. 


Definition 1.1 A non-empty set of elements G is said to form a groupoid if in G is defined 
a binary operation called the product, denoted by * such thataxbeEG Va,be€ G. We denote 
groupoids by (G,*). 


Definition 1.2 Let (G,*) be a groupoid. A proper subset H C G is a subgroupoid if (H, x) is 
itself a groupoid. 


Definition 1.3 Let S be a non-empty set. S is said to be a semigroup if on S is defined a 
binary operation * such that 


(1) for alla, bE S we have ax be S; 
(2) for all a, b, cE S we have ax (b* c) = (ax b) *c. 


(S, x) is a semi-group. 


Definition 1.4 A Smarandache groupoid G is a groupoid which has a proper subset S such 


that S under the operation of G is a semigroup. 


Definition 1.5 Let (G,*) be a Smarandache groupoid. A non-empty subgroupoid H of G is said 
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to be a Smarandache subgroupoid if H contains a proper subset K such that K is a semigroup 


under the operation *. 


Definition 1.6 Let G be a Smarandache groupoid. V be a Smarandache subgroupoid of G. We 
say V is a Smarandache seminormal subgroupoid ifaV = V for alla€ GorVa=V for alla€ 
G. 


For example, let (G,*«) be groupoid given by the following table: 


| * [a0 | a | aa | as | a | as | 
j 40 | a0 | a | ao | 2 | ao | as 


jaa | a0 | as | ao | a | ao | a | 


It is a Smarandache groupoid as {a3} is a semigroup. V = {a,a3,a5} is a Smarandache 


subgroupoid,also aV = V. Therefore V is Smarandache seminormal subgroupoid in G. 
Definition 1.7 Let Z,, = {0,1,---,n—1},n >3 anda,b€ Z,\{0}. Define a binary operation 
* on Zy as follows: 


a*xb=ta+ub (mod n), where t,u are two distinct elements in Z,\{0} and (t,u) = 1. 
Here'+' is the usual addition of two integers and ‘ta’ means the product of the two integers t 


and a. 


Elements of Z,, form a groupoid with respect to the binary operation *. We denote these 
groupoid by {Z,,(t,u),*} or Z(t, u) for fixed integer n and varying t,u € Z,\{0} such that 
(t,u) = 1. Thus we define a collection of groupoids Z(n) as follows 
Z(n) = {{Zn(t, u), *}| for integers t,u € Z,\{0} such that (t,u) = 1}. 


§2. Smarandache Seminormal Subgroupoids When n = 0(mod2) 


When n is even we are interested in finding Smarandache seminormal subgroupoid in Z,,(t, +1). 


Theorem 2.1 Let Z,(t,t+1) € Z(n), nis even, n > 3 andt =1,---,n—2. Then Z,(t,t+1) 


is Smarandache groupotd. 


Proof Let « = = Then 


URE at+a(t+1) = 2¢t+-2 


(2t+1)a=a2modn 
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Consequently, {x} is a semigroup in Z,,(t,t +1). Thus Z,,(t,t + 1) is a Smarandache groupoid 


when n is even. 


Remark In the above theorem we can also show that beside {n/2} the other semigroup is 
{0,n/2} in Z,(t,t+1) € Zn). 

n 
n 2 n 
° mod n and 0*t+0* (t+1)=0modn. So {0, a is semigroup in Z,,(t,t+ 1). If t is odd, 


Oxt+S* 


Proof Ift is even, 0*t+$*(t+1) = = mod n, 5t+0%(t+1) =0 mod n, ttt sett) = 


(t+1)=0modn, 5 *t+0x(t+1) = 5 mod n, Set+5* (+1) = 5 mod n and 


Oxt+0*(t+1) =0 mod n. So {0, =} is a semigroup in Z,(t,t + 1). 


Theorem 2.2 Letn> 3 be even andt=1,--- ,n—-2, 


(1) Its is even then Ap = {0,2,--- ,n2—2} C Z, is Smarandache subgroupoid in Z,(t,t + 
1) € Zn). 

(2) Ife is odd then Ay = {1,3,--- ,n—1} C Z, is Smarandache subgroupoid in Z(t, t+1) € 
Z(n). 


Proof (1) Let ” is even.> — € Ap. We will show that Ao is subgroupoid. 
Let x;,7; € Ao and x; # x;. Then 


LeU = axjt xj(t 1) 


= (a, +2;)t+2; =x, modn 


for some x, € Ao as (a; + 2;)t +a; is even. So x; * x; € Ag. Thus Ap is subgroupoid in 
Zn(t,t +1). 
Let «= 7 Then 


veux = at+a(t+1) 
= (2t+1)¢=2 mod n. 


Therefore, {x} is a semigroup in Ap. Thus Apo is a subgroupoid in Z,,(t,t + 1). 


(2) Let 5 is odd. > — € A,. We show that A, is subgroupoid. 
Let xj,7; € A; and x; A x;. Then 


UViev = ajt Eo me xj(t iz 1) 


= (a, +2;)t+2; =x, modn 


for some x, € A; as (a; +2;)t+2; is odd. Therefore, x; * 2; € A;. Thus A, is subgroupoid in 
Zn (t,t + 1). 
Let x = Then 


LK 


at+a(t+1) 
(2t+ 1)a =a mod n. 


So {x} is a semigroup in A. Thus A; is a Smarandache subgroupoid in Z,,(t,t + 1). 
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Theorem 2.3 Let n> 3 be even andt=1,--- ,n—2, 


(1) Its is even then Ap = {0,2,--- ,n—2} C Z, is Smarandache seminormal subgroupoid 
of Zn(t,t +1) € Zn). 

(2) If ” is odd then A; = {1,3,---,n—-—1} C Z, is Smarandache seminormal subgroupoid 
of Z,(t,t +1) € Z(n). 

Proof By Theorem 2.1, Z,,(t,t + 1) is a Smarandache groupoid. 

(1) Let 5 is even. Then by Theorem 2.2, Ap = {0,2,--- ,n—2} is Smarandache subgroupoid 
of Z,(t,t +1). Now we show that either aAg = Ao or Apa = Ap V a € Z, = {0,1,2,---,n—1}. 
Case 1 t¢ is even. 

Let a; € Ap anda € Z, = {0,1,2,---,n—1}. Then 

axa; = at+a;(t+1) 
= a;modn 
for some a; € Ag as at + a;(t + 1) is even. Therefore, a * a; € Ag V a; € Ao, aAp = Ao. Thus, 
Ao is a Smarandache seminormal subgroupoid in Z,,(t, t+ 1). 
Case 2 ¢ is odd. 
Let a; € Ap anda € Z, = {0,1,2,--- ,n—1}. Then 
a*a = at+a(t+1) 
= aj;modn 
for some a; € Ao as ajt + a(t +1) is even. Therefore, a; * a € Ap V a; € Ap, Aoa = Ao. Thus 


Ao is a Smarandache seminormal subgroupoid in Z,,(t, t+ 1). 


(2) Let ” is odd. Then by Theorem 2.2, Ay = {1,3,5,---,2—1} is Smarandache sub- 
groupoid of Z,,(t,¢t + 1). Now we show that either aA; = A; or Aja = Ay Va € Z, = 
£0; 1,2, 2+ #—1}, 


Case 1 t is even. 


Let a; € A; anda € Z, = {0,1,2,--- ,n—1}. Then 


axa, = at+a(t+1) 
= (a + a;)t +a 
= aj;modn 


for some a; € A; as (a+ a;)t+ a, is odd. Therefore, a* a; € Ai V a; € Ai, ..aA, = Ai. Thus 
A, is Smarandache seminormal subgroupoid in Z,,(t,t + 1). 


Case 2. t¢ is odd. 
Let a; € A; anda € Z, = {0,1,2,--- ,n—1}. Then 


ajxa = ajt+a(t4+1) 


a; modn 
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for some a; € A; as ajt + a(t +1) is odd. Therefore, a;*a€ Ai V a; € Ai, Ara = Aj. 


Thus A; is Smarandache seminormal subgroupoid in Z,,(t,t + 1). 


By the above theorem we can determine the Smarandache seminormal subgroupoid in 


Zn(t,t+1) of Z(n) when n is even and n > 3. 


6 


( 
( 


{0, 2, 4, 6} 


{1,3,5,7, 9} 


{0, 2, 4, 6, 8} 


N 


10 | Z2(10, 11) 
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§3. Smarandache Seminormal Subgroupoids Depend on t,u when n = 0(mod2) 


When n is even we are interested in finding Smarandache seminormal subgroupoid in Z,,(t, u) € 


Z(n) when t is even and uw is odd or when t is odd and u is even. 


Theorem 3.1 Let Z,,(t,u) € Z(n),if n is even,n > 3 and for each t,u € Zy,if one is even and 
other is odd then Z(t, u) is Smarandache groupoid. 


Proof Let «= = Then 


exe = a«t+xru 


= (t+u)x=2modn. 


So {x} is a semigroup in Z,(t,u). Thus Z,,(t, u) is a Smarandache groupoid when n is even. 


Remark In the above theorem we can also show that beside {n/2} the other semigroup is 
{0,n/2} in Z(t, u) € Z(n). 

Proof If t is even and w is odd, Oxt+ Seu = 5 mod n, 5 et+0%w = 0modn, 
stb yeu = 5 mod n and 0*t+0*u=0 mod n. So {0,5} is semigroup in Z,(t,u). If t is 


odd and u is even, 0+ 5 *u=0 mod n, S*t+0xu= 5 mod n, Set+5*us 5 modn 


and 0xt+0*«u=0mod n. So {0, 5} is semigroup in Z(t, u). 


Theorem 3.2 Let n> 3 be even and t,u € Zp. 


(1) If is even then Ap = {0,2,--- ,n—2} C Z,, is Smarandache subgroupoid of Z,(t,u) € 
Z(n) when one of t and u is odd and other is even. 
(2) Ips is odd then Ay = {1,3,---,n—1} C Z, is Smarandache subgroupoid of Z(t, u) € 


Z(n) when one of t and u is odd and other is even. 


Proof (1) Let ” be even. > 5 € Ao. We show that Ao is subgroupoid. 
Let x;,7; € Ao and x; #4 x;. Then 


Ujxx; = at+xju=x2_,modn 


for some x, € Ap as z;t + xju is even. So x; * x; € Ap. Thus Ap is a subgroupoid in Z,,(t, u). 
Let © = = Then 


xxx = at+ru 


= 2z(t+u)=xmodn. 


Whence, {x} is a semigroup in Ap. Thus, Ao is a Smarandache subgroupoid in Z,,(t, u). 


(2) Let ” be odd. > = € A,. We show that A; is subgroupoid. 
Let x;,7; € A; and x; #x;. Then 


Ujxxr;, = at+uxju=x2_,modn 
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for some x, € Ay as x +a;u is odd. So a; * x; € A;,. Consequently, A; is subgroupoid in 
Z(t, u). 
Let «= = Then 
exe = «t+xru 


= a(t+u)=xmodn. 


So {x} is a semigroup in A;. Thus A; is a Smarandache subgroupoid in Z,,(t, wu). 


Theorem 3.3 Let n> 3 be even andt =1,---,n—-2. 


(1) ifs is even then Ap = {0,2,--- ,n—2} C Z,, is Smarandache seminormal subgroupoid 
of Z(t, u) € Z(n) when one of t and u is odd and other is even; 

(2) If is odd then Ay = {1,3,---,n—1} C Z, is Smarandache seminormal subgroupoid 
of Zn(t,u) € Z(n) when one of t and u is odd and other is even. 


Proof By Theorem 3.1, Z,,(t,u) is a Smarandache groupoid. 


(1) Let ” is even. Then by Theorem 3.2, Ag = {0,2,---,n— 2} is Smarandache sub- 
groupoid of Z,(t,u). Now we show that either a49 = Ap or Apa = Ap Va € Zy = 
ie eee ee Be 


Case 1 ¢ is even and u is odd. 
Let a; € Ap anda € Z, = {0,1,2,--- ,n—1}. Then 


at + aju 


l| 


a* Ay 


a; mod n 


for some aj; € Ag as at + au is even. Whence, a * a; € Ao V aj € Ap, GAo = Ao. Thus, 


Ag is a Smarandache seminormal subgroupoid in Z,,(t, u). 
Case 2 ¢ is odd and u is even. 
Let a; € Ap anda € Z, = {0,1,2,--- ,n—1}. Then 
a*a = ajyt+au 
= aj;modn 
for some aj; € Ag as at + au is even. Therefore, a; * a € Ao V a; € Ao, Aoa = Ao. Thus, 
Ao is Smarandache seminormal subgroupoid in Z,,(t, uw). 


(2) Let 5 is odd then by Theorem 3.2 is Ay = {1,3,5,---,2—1} is Smarandache sub- 
groupoid of Z,,(t, uw). We show that either aA; = A; or Aja = Ai Va € Z,, = {0,1,2,--- ,n—1}. 


Case 1 t¢ is even and u is odd. 


Let a; € A; anda € Z, = {0,1,2,---,n—1}. Then 


at + aju 


I 


a* Aj 


a; mod n 
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for some a; € A; as at + aju is odd. So, ax aj € Ar V a € Al, .. aA, = Ay. Thus, 


A, is a Smarandache seminormal subgroupoid in Z,,(t, u). 
Case 2 ¢ is odd and uw is even. 
Let a; € A; anda € Z, = {0,1,2,--- ,n—1}. 


a,xa = ajt+au 


a; modn 


ll 


for some aj; € A; as ajt + au is odd. Therefore, aj xa € Ay V ay € Ait, Aia = Ay. Thus, 


A, is a Smarandache seminormal subgroupoid in Z,,(t, u). 


By the above theorem we can determine Smarandache seminormal subgroupoid in Z,,(t, u) € 


Z(n) for n > 3, when n is even and when one of t and wu is odd and other is even. 


{1,3, 5} 


{0, 2, 4, 6} 
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{1,3,5,7, 9} 


{0,2,4,6, 8, 10} 
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§4. Smarandache Seminormal Subgroupoids When n = 1(mod2) 
When n is odd we are interested in finding Smarandache seminormal subgroupoid in Z,,(t, u) € 
Z(n).We have proved the similiar result in [4]. 


n—-1 


2 


and 


Theorem 4.1 Let Z,(t,u) € Z(n). If n is odd, n > 4 and for each t = 2,---, 
u=n-—(t—1)(t,u) =1, then Z(t, u) is a Smarandache groupoid. 


Proof Let x € {0,---,n—1}. Then 


“exx=at+au=(n4+1ljx=xmodn. 


So {x} is semigroup in Z,. Thus Z,,(t,u) is a Smarandache groupoid in Z(n). 


Remark We note that all {a} where x € {1,--- ,n—1} are proper subsets which are semigroups 
in Z,(t,u). 


-—1 
Theorem 4.2 Let n> 4 be odd andt =2,---, - and u=n-—(t—1) such that (t,u) =1 
if s = (n,t) or s = (n,u) then Ay = {k,k+5,---,k+(r—1)s} for k = 0,1,---,s—1 where 
r =~ is a Smarandache subgroupoid in Z,(t,u) € Z(n). 
8 


Proof Let tp,%q € Ax. Then 


Lp =k + ps 
Lp Ff lg > J p,q € {0,1,---,r—1}. 
Lg=k+qs 
Also, 
Ip*XLqg = Upt+Xqu 


= (k+ps)t+(k+qs)(n— (t—1)) 
= k(n+1)4+((p—qt+¢(n+1))s 
(k +1s) mod n 


zx, mod n 


x, € Ay as x} =k +s for some 1 € {0,1,--- ,r—1}. Whence, x, * a, € Ax. Consequently, Ax 
is a subgroupoid in Z,,(t, u). By the above remark all singleton sets are semigroup. Thus,Ax, is 


a Smarandache subgroupoid. 


-1 
Theorem 4.3 Let n> 4 be odd andt = 2,---, - and u=n—(t—1) such that (t,u) = 1 
if s = (n,t) or s = (n,u) then Ay = {k,k+,---,k+(r—1)s} fork =0,1,---,5s—1 where 
r=" is a Smarandache seminormal subgroupoid in Z,(t,u) € Z(n). 
8 


Proof By Theorem 4.1, Z,,(t,u) is a Smarandache groupoid. Also by Theorem 4.2, A, = 
{k,k+s,---,k+(r—1)s} for k =0,1,--- ,s—1 is Smarandache subgroupoid of Z,,(t, u). 
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If s = (n,t), let z» € A, anda € Z, = {0,1,2,--- ,n—1}. Then 


AkXp = at+ pu 


= at+(k+ps)(n 


t+1) 
= k(n+1)+[(a—k)v) + (pn — pt +p)|s where t = v1s 
= k+lIlsmodn 


x, € Ap as t =k+ 1s for some! € {0,1,---,r—1}. So, axa, € Ag, a* Ay = Ax. Thus, Ax 


is a Smarandache seminormal subgroupoid in Z,,(t, w). 


If s = (n,w), let ez» € A, anda € Z, = {0,1,2,--- ,n—1}. Then 


Lpka = pt+au 

= (k+ps)(n—u+1)+au 

= k(n+1)+[(a—k)ve + (pn — pu+ p)|s where t = v2s 
(k + 1s) mod n 


Il 


x, € Ap as z} = k +1s for some! € {0,1,---,r—1}. Therefore, a * a, € Ap, a* Ap = Ak. 


Thus A, is a Smarandache seminormal subgroupoid in Z,,(t, u). 


By the above theorem we can determine Smarandache seminormal subgroupoid in Z,,(t, u 
when n is odd and n > 4. 


nf|t]u| Zp(t,u) s=(n,u) | r=n/s | Smarandache seminormal 
el eien or s = (n,t) subgroupoid in Z,,(t, uw) 
7) 2(3,7) | 3= (8) 


Ao = {0,3,6, 9, 12} 
13 | Z15(3, 13) A; = {1,4,7, 10, 13} 
Ag = {2,5,8, 11, 14} 


£0 | Deg SiA1) | SS 1555) 


Ao = {0,3,6, 9, 12} 
Z15(7,9) A; = {1,4,7, 10, 13} 
Ag = {2,5,8, 11, 14} 
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n{|t]u | Zp(t,u) s=(n,u) | r=n/s | Smarandache seminormal 
or s = (n,t) subgroupoid in Z,,(t, uw) 
7 
3 
7 
7 


Ao = {0, 3,6, 9, 12, 15, 18} 
A; = {1,4,7, 10, 13, 16, 19} 
A } 


= i 


21 
7 | 15 | Zo1(7, 15) 


+» = ‘i 


= {2,5,8,11,14,17, 20 


aes 
As , 12, 
Ag _ 13, 


hes ’ ’ 
2 ’ ) ’ 
2= , 17, 20} 


Ao = {0, 3, 6, 9, 12, 15, 18} 
Ag = {2,5,8, 11, 14, 17, 20 
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